The capacity of apomixis to generate maternal clones through seed reproduction has made it a useful characteristic for the fixation of heterosis in plant breeding. It has been observed that apomixis displays pronounced intra-and interspecific diversification, but the genetic mechanisms underlying this diversification remains elusive, obstructing the exploitation of this phenomenon in practical breeding programs. By capitalizing on molecular information in mapping populations, we describe and assess a statistical design that deploys linkage analysis to estimate and test the pattern and extent of apomictic differences at various levels from genotypes to species. The design is based on two reciprocal crosses between two individuals each chosen from a hermaphrodite or monoecious species. A multinomial distribution likelihood is constructed by combining marker information from two crosses. The EM algorithm is implemented to estimate the rate of apomixis and test its difference between two plant populations or species as the parents. The design is validated by computer simulation. A real data analysis of two reciprocal crosses between hickory (Carya cathayensis) and pecan (C. illinoensis) demonstrates the utilization and usefulness of the design in practice. The design provides a tool to address fundamental and applied questions related to the evolution and breeding of apomixis.
INTRODUCTION
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Apomixis has also been thought of as being compelling in evolutionary studies [19] [20] [21] . To colonize in an isolated area or overcome genetic bottlenecks, plants may use apomixis as a major pathway of reproduction via a single parental individual, potentially allowing the founding of a population from a single seed [22] . The occurrence of apomixis may also equip plants with a capacity to avoid the negative consequence of inbreeding in which the egg and pollen come from the same plant (self-fertilization) [23] . Although the genetic basis of apomixis remains unknown, a rich body of natural variation has been observed in this trait within and between species [24] [25] [26] [27] . To quantify natural variability in the apomictic trait, a high-throughput flow cytometric technique has been developed by measuring embryo:endosperm ploidy in single seeds [23] . However, this technique fails to afford the information that relates apomixis with other genetic events, such as gene recombination and crossover interference, thereby limiting its application to study the evolutionary significance of apomixis.
To explore the advantages of apomixis within the evolutionary context, we propose a statistical design that integrates apomixis into the linkage analysis framework built with two reciprocal crosses. Linkage analysis has proved to be powerful for studying genome structure and organization by replacing molecular markers to their original positions in the genome [28] [29] [30] . Hou et al. [17] developed a statistical model for linkage analysis with apomixis by distinguishing the maternal-like progeny derived from meiosis from those derived from apomixis. Hou et al.'s model is incorporated into a pair of reciprocal crosses between two individual plants each chosen from a different species or population. Because different species serve as the maternal parent, this reciprocal design allows the estimation and test of species-dependent apomixis rates. To demonstrate the utility of the reciprocal design, two different species, hickory (Carya cathayensis) native to China and pecan (C. illinoensis) originally distributed in USA, are reciprocally crossed to produce two mapping populations. The linkage analysis of molecular markers provides the estimations of the recombination fractions and apomictic proportions of each species.
MODEL
Consider two distinct heterogeneous plants, P 1 and P 2 , selected from the same or different hermaphrodite or monoecious species in which both female and male flowers appear on the same plant. Hou et al.'s [17] design is based on a single cross between these two parents in which a model was derived to estimate the linkage and apomixis rate. In our study, we cross reciprocally these two plants to generate a pair of hybrid populations, P 1 Â P 2 and P 2 Â P 1 . In this reciprocal design with two families, the same panel of molecular markers is genotyped throughout the genome, from which a genetic linkage map is constructed. Because the two parents are outcrossing, their markers are likely to have multiple cross types [29] . Here, we consider two most important types, testcross and intercross. The testcross markers correspond to pseudotest backcross markers at which one parent is heterozygous whereas the other is homozygous [31] . The intercross markers follow the pattern of F 2 segregation, i.e. both parents are heterozygous. The model is described separately for these two cross types.
Two-point analysis for testcross markers
Progeny genotype frequencies For two markers A (with two alleles A and a) and B (with two alleles B and b), the heterozygous parent is AaBb, whereas the homozygous parent is aabb. Let us first assume that P 1 is AaBb and P 2 is aabb. For the heterozygous parent, its diplotype should be either ABjab or AbjaB due to an unknown linkage phase. The double heterozygous genotype produces four gametes during meiosis, i.e. AB, Ab, aB and ab with respective frequencies expressed as For an apomictic plant, its progeny also contains those individuals derived from apomixis which have exactly the same genotype as the maternal plant. Let 1 and 2 denote the rate of apomixis for parent P 1 and P 2 , respectively. The genotype frequencies of two linked markers in the progeny population are determined by the recombination fraction and rate of apomixis. Table 1 gives the progeny genotypes/diplotypes of the two testcross markers in two reciprocal crosses derived from P 1 and P 2 , along with the genotype frequencies described in terms of r and 1 , 2 . The observations of each progeny genotype are also given.
Likelihood
Based on the marker genotype frequencies and observations of the reciprocal cross design in Table  1 , we formulated a multinomial log-likelihood function for the heterozygous parent P 1 to carry diplotype ABjab:
where M is the marker information and ? is the unknown parameter set (r, 1 and 2 ). The first and sixth terms in the likelihood represent maternal-like progeny derived from a mixture of the processes of meiosis and apomixis. The other terms are the log-likelihood for the progeny purely derived from meiosis. In order to estimate (r, 1 and 2 ), the EM algorithm is implemented to handle the missing information on whether the maternal-like progeny come from meiosis or apomixis. This process is described as follows:
In the E step, we calculate proportions of apomixis-derived progeny within the maternal-like progeny genotype by
In the M step, we estimate apomixis rates and the recombination fraction bŷ
The E and M steps are repeated iteratively until the estimation converges. A similar procedure can be used to estimate r, 1 and 2 for the diplotype AbjaB ( Table 1 ). The diplotype associated with the smaller estimate of r will be selected as a more likely diplotype.
Tests
Hou et al. [17] proposed a log-likelihood ratio for testing the significance of the linkage and apomixis for a single population. This can be done similarly for reciprocal cross populations. Under the null hypothesis H 0 : 1 ¼ 0, 2 ¼ 0 (none of the species has apomixis), the log-likelihood function is just a standard backcross linkage analysis function [30] :
from which the recombination fractionr is estimated. We calculate the log-likelihood ratio test Table 1 : The genotypes and their frequencies in two reciprocal crosses for testcross markers (assuming that P 1 is heterozygous, with two different diplotypes, whereas P 2 is homozygous)
Equations (1) and (2). This statistic follows a chisquare distribution with two degrees of freedom.
We also need to test whether a specific parent has apomixis. This is shown for P 2 . Under the null hypothesis H 0 : 2 ¼ 0, the log-likelihood function can be expressed as
Again, the EM algorithm is implemented to estimate r and 1 . In the E step, we calculate apomixis proportions within the maternal-like progeny genotype in P 1 by
In the M step, we estimate apomixis proportions and the recombination fraction bŷ
The log-likelihood ratio test statistic is calculated to test whether 2 ¼ 0 with one degree of freedom. It is also important to test whether the two markers are linked. Under the null hypothesis H 0 : r ¼ 0.5 (no linkage between two markers), the log-likelihood function can be formulated as
The EM algorithm is needed for parameter estimation under this null hypothesis. In the E step, we calculate the expected apomixis proportion within each maternal-like progeny by
In the M step, estimation of apomixis proportions can be obtained bỹ
The log-likelihood ratio test statistic is calculated as (1) and (4). This statistic follows a chi-square distribution with one degree of freedom. In the case, in which P 2 is AaBb and P 1 is aabb, a procedure can be similarly developed for estimating and testing the rate of apomixis and recombination fraction.
Three-point analysis for testcross markers
Suppose there are three ordered markers A^B^C. A parent with a triple heterozygous genotype AaBbCc produces eight gametes during meiosis. This genotype should carry one of four possible diplotypes, ABCjabc, ABcjabC, AbCjaBc and aBCjAbc. Let us first consider diplotype ABCjabc which generates a total of eight recombinant and non-recombinant gametes. Denoting an occurrence of recombination between two markers by 1 and no occurrence by 0, the frequencies of these gametes are expressed as g 00 for ABC and abc, g 01 for ABc and abC, g 10 for aBC and Abc and g 11 for aBc and AbC. These gametes are combined with those from the other homozygous parent to produce eight distinct progeny genotypes ( Table 2 ). Considering that the maternal parent produces apomictic genotypes, the overall frequencies of progeny genotypes are expressed as a function of g's and apomixis rates, 1 and 2 , for P 1 and P 2 , respectively.
With the genotype frequencies and observations in the reciprocal crosses (Table 2) , we formulate a multinomial log-likelihood function as
The EM algorithm is implemented to estimate the recombinant-number frequencies and apomixis rates.
In the E step, we calculate apomixis proportions within the maternal-like progeny genotype by
In the M step, we estimate apomixis rates and recombinant-number frequencies bŷ
After estimating g 00 , g 01 , g 10 and g 11 , we can calculate the recombination fraction between markers A and B (r 1 ), the recombination fraction between markers B and C (r 2 ) and the recombination fraction between markers A and C (r 3 ) bŷ r 1 ¼ĝ 11 þĝ 10 r 2 ¼ĝ 11 þĝ 01 r 3 ¼ĝ 10 þĝ 01
In addition, the coefficient of coincidence between marker intervals A^B and B^C is calculated as c ¼ (r 1 þ r 2 À r 3 )/(2r 1 r 2 ).
For three-point analysis, we will test three sets of hypotheses. First, we can test whether the apomixis proportions are significantly different from zero. Under the null hypothesis H 0 : 1 ¼ 0, 2 ¼ 0, the log-likelihood function is reduced to a standard three-point linkage model [30] . For the null hypothesis H 0 : 1 ¼ 0 or H 0 : 2 ¼ 0, the EM algorithm is needed for estimation and the resulting log-likelihood ratio can be tested by a standard chi-square distribution. Second, we can test H 0 : r 1 ¼ r 2 ¼ r 3 ¼ 0.5 (there is no linkage between any pair of markers). Similar to two-point analysis, the EM algorithm is also needed to estimate 1 and 2 and the likelihood ratio test can be applied. For testing an individual recombination rate or a pair of recombination rates simultaneously, the same EM technique can be performed with the constraint under each null hypothesis. Third, we can test the coefficient of coincidence c for H 0 : c ¼ 0 (no double crossover) or H 0 : c ¼ 1 (no genetic interference). With constraints r 3 ¼ r 1 þ r 2 and r 3 ¼ r 1 þ r 2 À 2r 1 r 2 , respectively, the log-likelihood 
Since the diplotype of the triple heterozygous parent is unknown, we need to consider all possible diplotypes and for each one to calculate the likelihoods and estimate the recombination fractions and apomixis rates. The one with the largest likelihood and smallest recombination fraction is the most likely diplotype of this triple heterozygote.
Linkage analysis for intercross markers
For this type of markers, both parents P 1 and P 2 are heterozygous at each marker. Considering a pair of linked markers, their cross type is AaBb Â AaBb, which has four possible diplotype combinations. For diplotype combination ABjab Â ABjab, the progeny genotype frequencies expressed as a function of the recombination fraction and apomixis rate are shown in Table 3 . A mixture likelihood function can be formulated as logLð?jMÞ ¼ constant
The EM algorithm is implemented to estimate the parameters. In the E step, we calculate the apomixis proportions within the maternal-like progeny genotype by
and calculate the expected number of recombinants within the maternal-like progeny genotype by
In the M step, we estimate the apomixis proportions and the recombination fractions bŷ
For the other diplotype combinations, such as (ABjab Â AbjaB), (AbjaB Â ABjab) and (AbjaB Â AbjaB), the same EM procedure is used to estimate the apomixis rates and the recombination fractions. The diplotype associated with the smallest estimate of r is chosen as the most likely parental diplotype combination. Hypothesis tests can be performed similarly to the testcross markers ( [17] for a demonstration). We extended the procedure to perform three-point analysis for intercross markers, given in Supplementary Data.
A WORKED EXAMPLE
Hickory (C. cathayensis) and pecan (C. illinoensis) are two different tree species; the former is native to the southeastern China, whereas the latter is naturally distributed in the USA. One hickory tree (P 1 ) selected from a natural stand in the Tianmu Mountain, Zhejiang Province, was reciprocally crossed with a pecan cultivar (P 2 ) introduced from the USA, generating two mapping populations P 1 Â P 2 and P 2 Â P 1 . As an ongoing project, we have obtained preliminary data, including 96 dominant markers for 200 P 1 Â P 2 progeny and 151 P 2 Â P 1 progeny genotyped with inter-simple sequence repeat, random amplification of polymorphic DNA and sequencerelated amplified polymorphism techniques. Previous cytological evidence shows that hickory undergoes strong apomictic reproduction [32] , but the occurrence of apomixis in pecan remains elusive. Thus, if the model can confirm the cytological finding of apomixis in hickory, the result for pecan obtained by the reciprocal design can be used to infer the possibility of apomixis in this species.
As an example to demonstrate the model, we chose testcross markers including those that are heterozygous in hickory but homozygous in pecan and those that are homozygous in hickory but heterozygous in pecan. Two-point analysis was performed to estimate recombination fractions and apomixis rates. Genetic linkage maps were constructed with estimated pair-wise recombination fractions of testcross markers, leading to three linkage groups (Figure 1) .
The reciprocal design allows the estimates of apomixis rates ( 1 and 2 ) in both parents for each pair of markers, given next to the linkage groups (Figure 1 ). The estimation result shows that apomixis occurs in both species. In general, the rates of apomixis are generally larger in hickory than in pecan, as evidenced by the testcross markers due to the heterozygous hickory (left panel of Figure 1 ) and the heterozygous pecan (right panel of Figure 1 ). It is also found that there is a great variability in apomixis rate, indicating that some chromosomal regions are more apomictic than others.
COMPUTER SIMULATION
In simulation studies, we adopted four scenarios of apomixis: none of the parents has apomixis ( 1 ¼ 0 and 2 ¼ 0), P 1 has apomixis but P 2 does not ( 1 ¼ 0.3 and 2 ¼ 0), P 1 does not but P 2 does ( 1 ¼ 0 and 2 ¼ 0.3) and both have relatively high apomixis rates ( 1 ¼ 0.6 and 2 ¼ 0.6). We simulated three ordered markers that are segregating in a reciprocal design and then analyzed the data using both two-and three-point analyses, which allows the comparison between the two approaches. The first and second marker is assumed to be tightly linked, with the recombination fraction of r 1 ¼ 0.05, whereas the second and third marker are weakly linked, with the recombination fraction of r 2 ¼ 0.25. For the recombination fraction between the first and third marker (r 3 ), we used three assumptions: no double crossover (c ¼ 0,
Under different scenarios of apomixes, we simulated testcross marker data, with given recombination fractions, for two reciprocal cross populations derived from the two parents. Sample size for each cross is assumed as 200 or 500. Simulation is repeated 1000 times to calculate the means and SDs of the estimates from the apomictic model.
Both two-and three-point analyses provide reasonably good estimates for the apomixis rate while the latter is more accurate and precise than the former in most situations (Table 4) . Under no apomixis, the model incorrectly estimates apomixis rate, although the estimated values are small (average 1-2%). As sample size increases, the estimated values are getting closer to zero. When apomixis presents, both low and high apomixis rates can be estimated even for a relatively small sample size of 200. AaBB ABjaB
AaBb Apomixis ABjab AbjaB
Figure 1: Linkage groups constructed with testcross markers for hickory and pecan with apomixis rates estimated at each marker interval through the reciprocal design. The left panel is the linkage group constructed by the heterozygous hickory (AaBb) and the homozygous pecan (aabb), whereas the right panel is one constructed by the heterozygous pecan (AaBb) and the homozygous hickory (aabb). The genetic distances (in cM) between two adjacent markers and the names of the markers are given at the left and right of the linkage group, respectively. The rates of apomixis are given in percent for the heterozygous parent ( 1 ) and the homozygous parent ( 2 ). Note that the estimates of 1 and 2 obtained from three-point analysis are given at the top one of three markers.
Estimates of the recombination fractions were also obtained (Table 5 ). Both two-and three-point analyses provide good estimates of the linkage, and as expected, three-point analysis performs better than two-point analysis when crossovers in the adjacent intervals are not independent. Under the circumstance of no apomixis, the model performs as well as a traditional linkage model does [30] . When apomixis occurs, the linkage estimation is not influenced by different levels of apomixis rates. This shows that the apomixis-incorporated model can handle the estimation of linkage in any circumstance, regardless of the occurrence of apomixis, while the traditional linkage analysis model cannot handle apomixis.
By assuming no apomixis, the probability with which apomixis is observed to be significantly different from zero is regarded as the false-positive rate (Type I error). We performed simulation studies to investigate the false-positive rate for apomixis detection. We assumed three schemes: (i) neither of the two parent has apomixis ( 1 ¼ 2 ¼ 0), (ii) the heterozygous parent has no apomixis ( 1 ¼ 0) and (iii) the homozygous parent has no apomixis ( 2 ¼ 0) ( Table 6 ). The model has low false-positive rates ( 3%) under the three schemes, even with a small sample size of 200. Statistical power is defined as the probability with which apomixis is detected when it occurs actually. As shown in Table 6 , the model has adequate power (0.90-1.00) to detect apomixis for each simulation scheme.
We used Hou et al.'s [17] single-cross model to analyze the two simulated reciprocal crosses individually. It is found that the reciprocal-cross model provides more precise estimates of the apomixis rate and recombination fraction than the single-cross model because of more information used for the former.
DISCUSSION
Apomixis can fix the perpetuation of superior traits. As a result of this favorable characteristic, an intense interest has been focused on the issue of how to successfully engineer it in a wide range of commercial crops. A considerable body of molecular studies has been made to identify key genes and developmental pathways that enable cells in the ovule to switch to an apomictic channel [2, 3, [8] [9] [10] [11] [12] [13] [14] . All these aim to afford the best opportunity to produce maternally derived, genetically identical seeds in flowering plants. In essence, this process can be In this article, we describe and review such a design by reciprocally crossing two distinct individual plants to generate a pair of mapping populations. Hou et al. [17] integrated apomixis into a linkage analysis setting, allowing the occurrence of apomixis to be tested and quantified. The reciprocal cross design combines Hou et al.'s model to estimate the diversity of apomixis rate between two parents used for crosses. This design has been assessed and validated through computer simulation. In a real data analysis for two reciprocal crosses generated by two tree species, hickory (C. cathayensis) and pecan (C. illinoensis), the model has well confirmed the occurrence of apomixis as the couriers of genetic determinants in hickory [32] . It also provides a rough estimate of apomixis rate of 20% in pecan, gaining additional insight into the breeding system of this species.
The use of linkage analysis to identify apomixis and its diversity is advantageous in many aspects. First, linkage analysis has been a routine approach for genetic studies. The wide availability of mapping populations for linkage analysis can broaden the usefulness of the design with no extra cost. Thus, with the design and model described, the identification of the possible occurrence of apomixis will likely become routine in plant genetics. Second, it has been observed that a gene complex of several tightly linked genes may contribute to the control of apomixis in many plants [1, 3] . Linkage analysis equipped with the nature of apomixis can help to identify these linked genes responsible for apomixis. Third, the design is powerful for studying the origin and distribution of apomixis and investigating its role in plant evolutionary processes. Genome-wide association studies (GWAS) have been increasingly applied to study human genetics and plant genetics [33] . The reciprocal design described can be made more powerful if it is deployed in a GWAS setting. Through GWAS, one can better address several fundamental and applied questions in plant genetics, such as the number of genes that are associated with apomixis, their chromosomal distribution and genetic effects and their roles in diversifying apomictic differences between species, populations and individuals. One additional merit of the reciprocal design lies in its capacity to estimate the effects of genetic imprinting due to differential expression of the same allele dependent on its parental origin [34] [35] [36] . To the end, the complete elucidation of apomictic genetic control can be facilitated.
The current strategy for apomictic linkage mapping is based on controlled crosses, with no power to estimate population genetic parameters, such as outcrossing rate and linkage disequilibrium. A general model for estimating these parameters and the linkage between polymorphic markers has been derived using an open-pollinated (OP) design [37] . This model has further been extended to three-point analysis [38] , thereby increasing its power for parameter estimation and test. Liu et al. [39] derived a Bayesian version for the OP design, which broadens its applications to many practical settings. By integrating apomixis into the OP design, we should be able to provide a useful tool for studying the genetic diversification of plant species and relating it with population evolution and speciation. The software for the model described is at our webpage http://statgen. psu.edu/software, which can be freely downloaded and used.
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Key Points
As a type of asexual reproduction, apomixis has been widely used to fix heterosis in plant breeding because of its capacity to perpetuate maternal genotypes. 
